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SIGNIFICANCE  AND  EXPLANATION 


One  of  the  central  problems  in  the  mathematical  theory  of  turbulence  is 


that  of  breakdovm  of  smooth  (indefinitely  differentiable)  solutions  to  the 


equations  of  motion.  In  1934  3.  Leray  advanced  the  idea  that  turbulence  may 


be  related  to  the  spontaneous  appearance  of  singularities  in  solutions  of 


the  3-D  incompressible  Navier-Stokes  equations.  The  problem  is  still  open. 


5  K  0  w  ^ 

-We  ^ow  in  this  report  that  breakdovm  of  smooth  solutions  to  the  3-D 


incompressible  slightly  viscous  (i.e.  corresponding  to  high  Reynolds  numbers. 


or  "highly  turbulent^)  Navier-Stokes  equations  cannot  occur  vfithout  breakdovm 


in  the  corresponding  solution  of  the  incompressible  Euler  (ideal  fluid) 


equation.  -We  provet^then  that  solutions  of  distorted  Euler  equations,  vfhich 


are  equations  closely  related  to  the  Euler  equations  for  short  term  intervals. 


do  breakdovm.  • 


t.  ,  _ /- 

2  f;  . 

'  r 


Accession  For 
TtIS  GRAtl 
OTIC  TAB 

Unannounced 

Justif  Icallo*^ 


vP 


By - — - - - 

Distribution/ _ _ 

Availability  J3od^ 

^ Avail  and/or 
Dlst  Special 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


vv\vLN\iS w « ■r*'/-  v  v  .•  •  •  •  *  -  •  - 


^ 


HOTS  OH  LOSS  OF  RBGUtARITY  FOR  SOLUTIONS  OF  THE  3-0 
INCOMPRESSIBLE  EULER  AMD  RELATED  EQUATIONS 
P«tre  Constantin* 


Introduction 

Ths  purpose  of  this  paper  is  twofolds  first  to  discuss  the  relationship  between  the 
breakdown  of  smooth  solutions  to  incompressible  three-dimensional  Euler  and  Navier-Stokes 
equations;  and  secondly  to  present  blow-up  results  for  distorted  Euler  equations* 

Both  the  Navier-Stokes  equations  and  the  Euler  equations  possess  local  (in  time) 
smooth  solutions.  Moreover,  as  the  viscosity  vanishes  the  solutions  to  the  Navier-Stokes 
equations  converge  uniformly  on  a  short  time  interval  to  the  solution  of  the  Euler 
equation  ([5],  [7]).  Adapting  the  method  of  Kato  ([5])  Md  using  a  very  simple  ODE  lemma 
we  prove  in  Section  1  that  as  long  as  the  solution  to  the  Euler  equation  is  smooth  the 
solutions  to  slightly  viscous  Navier-Stokes  equations  with  the  same  initial  data  are 

SSKMth. 

Sections  2  and  3  are  devoted  to  blow-up  results  for  distorted  Euler  equations. 
Oifferentiatitig  the  Euler  equations  one  obtains  a  quadratic  equation  fox  the  Jacobian 
Mtrix  of  the  velocity  vectors 

1^  +  (u*7)U  +  U^  -  P 

3Ui  g2 

where  u  is  the  velocity  vector,  U  -  ^  9x  ^  with  p  the  pressure. 

One  can  use  the  incompressibility  condition  TrU  **0  to  express  P  in  terms  of  U. 
Passing  to  Lagranglan  coordinates,  the  differentiated  Euler  equations  become 
(0.1)  It  +  0*  ♦  R(t)(TrU^)  -  0 


* 
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■^  +  0^  +  R(0) (TtV^)  -  0 
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where  R(t)  Is  a  matrix  of  singular  Integral  operators  with  tlaw  varying  kernels  •  Vfhat 
we  call  the  distorted  Euler  equations  are  obtained  from  the  above  form  of  the  genuine 
Euler  equations  by  replacing  R(t)  by  R(0): 

(0.2) 

Although  these  equations  are  good  short  time  approximations  of  the  Euler  Mjuations, 
the  blow-up  arguments  have  no  direct  bearing  on  the  Euler  equations. 

In  Section  2  we  discuss  the  periodic  case  and  we  show,  by  a  localizatl  irgument 
reminiscent  of  the  one  in  [2],  that  a  large  class  of  initial  data  lead  tc  ikdown  of  the 

solution  of  (0.2).  The  conditions  on  the  initial  data  do  not  Involve  any  mess 
assumption  but  exclude  Jacobians.  Another  drawback  in  the  periodic  case  it  e  fact  that 
incompressibility,  TrU  ••0,  is  not  preserved.  This  fact  is  due  to  the  non  nishing  of 
the  mean  of  TrD  but  it  is  not  the  major  reason  for  the  blow-up.  (One  can  m  dify 
slightly  the  equations  in  order  to  preserve  the  constraint  TrU  -  0  and  still  prove 
breakdo%m . )  Moreover ,  in  the  whole  space  case  the  equations  (0.2)  do  preserve 
incompressibility.  Section  3  treats  solutions  of  the  distorted  Euler  equations  in  the 
whole  apace.  C.  Folas  found  ((4))  that  if  the  initial  data  for  (0.2)  have  the  form 
(0.3)  Up(x)  =  8o(|xl)(I  -  nir(x)) 


where  n  is  the  dimension  and  x(x)  =  ('  •■?)  i,j  "  1,...,n,  then  this  form  is  retained 

|x| 

by  the  solution  U(t,x)  of  (0.2)  and  leads  to  a  simple  equation  for  the  scalar  quantity 
0.  We  generalize  slightly  his  result  by  allowing  Uq  to  possess  an  antisymmetric  part, 
corresponding  to  the  vorticity.  We  obtain  a  system  of  integro-differential  equations  for 
two  scalar  quantities  6(t,r)  (corresponding  to  the  size  of  the  deformation  tensor)  and 
y(t,r)  corresponding  to  the  modulus  of  the  vorticity.  For  y  =  0  we  recover  the  Folas 
equation.  The  success  of  the  reduction  in  the  num)>er  of  variables  and  unknowns  is  due  to 
a  covariance  property  of  equation  (0.2)  with  respect  to  an  action  of  0(n).  We  prove 
breakdown  for  solutions  starting  from  initial  data  of  the  special  form 

0(j(x)  =  Bq(|x()(I  -  3n(x))  +  ^q(|x|)  X  . 

-2- 


If  one  takes  the  antlsynunetric  part  of  the  three-dlnenslonal  distorted  Euler 
equations  and  if  one  identifies  3x3  antisysnetric  matrices  J  with  the  vectors  given 
by  J  “  (1)  X  one  obtains  the  equation 
(0.4) 

which  is  the  analogue  of  the  vorticity  equation  for  incceipressible  Euler  fl'^ws. 

In  [3]  the  simple  one~dlmensional  model  equation  for  the  three-dimensional  vorticity 
equation 

(0-5)  -  uHu  (H  “  Hilbert  transform) 

was  suggested.  The  breakdown  of  solutions  to  (0.2)  is  very  similar  to  that  of  solutions 
to  (0.5)!  The  quantity  corresponding  to  the  deformation  tensor  (the  sjmm»etrio  part  of 
U  in  the  case  of  (0.2),  Hw  in  the  case  of  (0.5))  l>ecomes  Infinite  in  regions  when  the 
quantity  corresponding  to  the  vorticity  (denoted  u  in  iBoth  cases)  is  sero. 

It  is  a  pleasure  to  thank  A.  Majda  for  suggesting  the  result  of  Section  1  and  for 
stimulating  discussions.  I  had  many  interesting  conversations  with  c.  Folas  and  S. 
Klainerman.  It  is  an  equal  pleasure  to  thank  them  both. 
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Let  us  consider  a  solution  v  of  the  Inconpressible  Euler  equations 

(  dv 

+  (vV)v  -  ♦  f 

(1.1)  div  V  -  0 

v(0,»)  -  Vq 

in  either  or  (the  three-dlaenslonal  torus).  In  this  section  we  prove  that  as 

lonq  as  v(tf*)  is  smooth,  the  solutions  to  slightly  viscous  incooqpressible  Navier-Stokes 
equations  having  Vg  as  initial  data  are  smooth. 

We  use  the  notation  for  the  Sobolev  spaces  H®  ■  h“(E^)  (resp.  h“  -  h“(T^)) 

and  (*>*),^,  I'lgi  ^or  the  corresponding  scalar  products  and  nonas. 

Theorem  1 . 1 

Let  V  >  v(t,x)  be  a  solution  of  (1.1)  for  0  <  t  <  T,  satisfying 

(1.2)  ^  scale  m  >  3  , 

T 

(1.3)  /  |V  X  v|  ,  dt  <  »  . 


Then  there  exists  Vg  ■  •^0*att2*  ^  such  that,  for  every  0  <  v  <  v 

the  solution  to  the  Navier-Stokes  equation 

f  Jhl 

+  (u*V)u  “  vAu  +  7q  +  f 

( 1.4)  div  u  «  0 

U(0,*)  -  Vg 

is  smooth  on  (0,T].  More  precisely 

(1.5)  sup  lu(t)  -  v(t)I  <  VY„ 

t€[0TT]  »  “ 

T 

for  some  -y_  depending  on  T,  f  17  x  vl  _  dt  . 

m  u  mrz  ^  L 

Let  us  emphasize  here  that  T  Is  not  assumed  to  be  sauill.  Instead  It  Is  assumed 
that  v(t}  belongs  to  for  t  e  (0,T].  Indeed,  assumption  (1.3)  was  proven  by 


ig 

J.  T.  Beale,  T<  Kato  and  A.  Majda  (C11)  to  be  a  sufficient  condition  for  higher 

regularity.  Their  result  can  be  stated  as  follows 

'Bieorem  1.2  (Beale,  Kato,  Majda) 

T 

Assume  /  |7  X  v|  „  dt  <  “.  Let  s  >  3,  Vq  e  H*.  There  exists  a  constant  c 

0  T  ^ 

depending  on  T,  s,  /  x  v|  ^  dt,  Iv.  II  ,  such  that 
0  L  ® 


lv(t)l  <  c  for  t  <  T 
8 


(1.6) 

In  order  to  prove  Theorem  1.1  let  us  consider  the  difference  w  =  u  -  v.  Then 
will  satisfy 


(1.7) 


dw 

-  vAw  +  (v*7)v»  +  (w»7)v  +  (w»7)w  »  vAv  +  7r 


div  w  *  0 
w(0,  • )  «  0  . 

We  take  the  scalar  product  of  (1.7)  with  w  In  m  >  3  and  use 

(1.8)  ’ 

(1.9) 


(  (v*7)w,w)_  <  c  nvll  Bwll  , 

'  *«  ro  m  m 


|(w*7v>w)  I  <  c  nvll  ..Iwl^ 
'  m'  m  m+1  i 


for  V  e  div  v  «  0,  we  dlv  w  «  0  (see  [5]  ). 


Using  the  fact  that  -v(Aw,w)jj  >  0  we  obtain 

(1.10) 


—  Ilwll  <  vllAvll  +  c  nvll  Jwll  +  c  llwll^ 
dtm  mmm+lmmr, 


Let  us  multiply  (1.10)  by  exp(-Cj^  /  llvll  ^.^ds)  and  consider  the  quantity 

t  o'" 

y  «  Iwl  exp(-c  f  II vl  ^,ds).  We  obtain  the  inequality 
^  m  w  •.  ni+ 1 


(1.11) 


with 


^  <  vF(t)  +  Gy^ 

ClC 

y(0)  =  0 


(1.12) 


F(t)  -  IIAvIt^  exp  -  Cm  / 


and 


(1.13) 


G  »  c_  exp  f  Jvll  . 

m  ra  _  m+1 

0 
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We  shall  make  use  now  of  an  elementary  lemma: 


1.3 


Let  T  >  0,  G  >  0  be  given  constants  and  let  F(t)  be  a  nonnegative  continuous 
function  on  [0,T].  Let  Vg  be  defined  by 

(1.14)  Vg - ^ -  . 

8TG  /  F(t)dt 

b 

Then,  for  every  0  <  u  <  Vg,  every  solution  y>0  of  (1.11)  is  uniformly  bounded  on 
[0,T]  and 


(1.15) 

Proof  of  lemma 

Let  us  define  e  by 

(1.16) 


y(t)  <  Min{-^  ,  12v  /  F(t)dt} 


e  -  Min{ — ^  ,  16v^G(/  F(t)dt)2}  . 

4T  G  0 


We  divide  (1e11)  by  (1  +  /  —  y) 

€ 


(1  +  /I  y)^. 


dt 


—  <  vF  +  e.  We  integrate  between  0  and  t: 


(1.17) 


^./l 


(1  +  /|  y) 

1  ^ 

>/p-eT-v  /  F(t)dt  . 


y(t) 


The  choice  e  <  — ~  implies  cT  <  4 
4T  G 


for  V  <  Vn  one  has 


T  /—  T 

/  F(t)dt  4  —  /  “  .  Indeed,  if  c  =  16v^G(/  F(t)dt)^  the  last  inequality  is  an 


4  G 

“  1 
equality  and  if  e  =  — —  it  follows  from 

4T^G 


Thus  (1.17)  becomes 


i  ife'  '’o  " ''  I  • 


^  which  implies  (1.15). 


1  +  y(t) 
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Ha  return  to  the  proof  of  iheorem  1.1. 

We  apply  Lenma  1.3  to  (1.11)  with  F,G  defined  in  (1.12),  (1.13).  He  find 
T 

depending  on  T,  m,  /  such  that.  If  0  <  v  <  Vg  and  as  long  as  w(t) 

0 

to  h“*^,  t  <  T,  one  has 

(1.18)  <  Y^v 

T 


for  some  depending  on  T,  m,  f  Ivl  »dt. 

Using  standard  calculus  inequalities  one  can  find  bounds  of  the  type 


'’0 

belongs 


(1.19) 


lw(t)ln^2  <  lv(t)l^2  ^ 


o'm+2 


Since  the  validity  of  (1.18)  depends  upon  w(t)  belonging  to  but  not  upon  the 

size  of  •H(t)lj|^2  one  can  argue  by  contradiction  and  infer  that 

become  infinite  for  t  <  T  and  that  (1.18)  is  true  for  all  t  (  T.  He  omit  further 


details 


2.  Distorted  Euler  equations 

In  this  section  vre  prove  breakdown  of  smooth  solutions  of  a  "semi-Lagrangian"  version 
of  the  Euler  equations.  He  start  by  recalling  the  Euler  equation  in  or  t" 


(2.1) 


®t“i  “j*j“i  “  *iP'  3,i  “  1 . n  ; 


®i"i 


u(  0, • )  «  *  *  • 


(Here  3^  '  K'  ^ 


3x 


and  sunmation  convention  is  used.) 


3 


Differentiating  (2.1)  we  obtain 


(2.2) 


3^U  +  (u*7)U  +  -  P 


TrU  =  0 

0(0, •)  =  0  , 


where  0  is  the  n  x  n  matrix  0  “(3jUj^),  i  “  1,...,n,  j  =  1,...,n  and  P  is  the 


Hessian  of  the  pressure  P  >  (3^jP),  i,j  =  1,...,n.  The  constraint  TrU 


2  2 

(incompressibility)  is  maintained  if  TrP  *  TrU  .  This  means  that  p  solves  Ap  “  TrU 


and  therefore  the  matrix  P  can  be  expressed  in  terms  of  U: 

2, 


(2.3)  P  =  (-Rj^Rj(TrO^)),  i,j  =  1, 
where  Rj^  are  the  Riesz  transforms  defined  by 

(2.4)  R.  -  (-a)"’''^3 


‘3i  . 


Let  us  denote  by  R  the  operator  acting  on  n  x  n  matrix  valued  functions  M  *  (m^j), 
i  -  1, . . .  ,n,  j  =  1,  . . .  ,n  by 

(2.5)  (RM).j  =  RiRk«"kj)  • 

We  identify  scalar  functions  f  with  the  matrices  f»I  where  I  is  the  n  x  n  identity 


matrix.  The  (differentiated)  Euler  equations  can  be  written  as 


(2.6) 


3^U  +  (u*V)U  +  U^  +  R(TrU^)  =  0 


TrO  =  0 

(  U(0,-)  =  Uo(') 


If  one  passes  to  Lagrangian  coordinates  in  (2.6)  that  is,  if  one  uses  the  change  of 


variables  a 


x(t,a)  for  x(t,a)  solving 


(2.7) 


u(t,x) 


x(0,a)  -  o 


the  Euler  equations  (2.6)  become 


3^V  +  +  R(t)(TrV^)  =  0 


V(0,.)  =  V„ 


where  V(t,o)  »  U(t,x(t,a))  is  the  pullback  of  U  and  R(t)  is  the  pullback  of  R 


through 


R(t)M  =  (R(M*  (((i^)~b)  . 


More  precisely  if  kj^j(x,y)  is  a  kernel  for  s  kernel  for  R(t)^j  will  be 

k^j(a,6)  =  k^ j ( x(t ,a) ,x(t , 6) ) .  (We  used  the  well-known  fact  that  determinant  of  Jacobian 


of  <>'■  is  one.)  At  t  “  0  the  operator  R(t)  coincides  with  the  Riesz  operators 


R(0)  =  Rj  this  because  x(0,a)  *  a.  The  distorted  Euler  equations  are  obtained  from  the 


genuine  Euler  equations  (2.8)  by  freezing  R(t)  at  t  =  0: 


(2.10) 


Uj.  +  +  R(TrU^)  =  0 


U(Q,.)  =  Up  . 


Let  us  note  that  while  (2.10)  are  valid  approximations  of  (2.8)  for  a  short  time  the  blow 


up  arguments  that  we  are  going  to  give  have  no  direct  bearing  on  the  Euler  equations. 


The  equations  (2.10)  are  well-posed  in  a  variety  of  spaces.  For  instance  we  can 


consider  the  Sobolev  spaces  (H®)"  of  matrices  with  entries  in  H®,  s  >  ■^.  If  ®  ^  '2 


H®  are  Banach  algebras  under  pointwise  multiplication;  the  operators  R^  are  bounded 


in  H®  (for  any  s,  of  course).  We  conclude  that,  if  U  is  a  solution  of  (2.10) 


4-  null  <  c  lUII^ 
dt  s  s  s 


and  the  local  existence  and  uniqueness  of  solutions  of  (2.10)  follow  in  standard  manner. 


We  shall  treat  first  the  periodic  case;  we  seek  solutions  to  (2.10)  which  satisfy 


U(x  +  Le^)  =  U(x)  for  any  e^^  =  (0,  . .  . ,  1 ,  . . . , 0 )^  and  some  L  >  0.  We  may  assume  L  = 


without  loss  of  generality.  Alternately,  we  shall  refer  to  U  as  being  defined  on  the 


n  dimensional  torus  t'’  =  R^/z''.  Let  us  denote,  for  a  point  x  in  t'^  by  rj^(x)  the 


-•  i.\  w*  • 

'.h  •  J.'' -■ 


4 

i:! 


'.<3 


m 


i-th  principal  circle  passing  through  x: 


(2.11)  r^(x)  -  {ye  T"|yj  -  mod  1,  j  “  1,...n,  j  >*  i};  i  -  1, 


Let  us  denote,  for  a  matrix  U,  by  S  and  J  t>)e  symmetric  and  respectively 


antisymmetric  parts  of  U: 


Theorem  2.1 


where  U  is  the  transposed  of  U. 


Let  Uq  be  a  smooth  n  x  n  matrix  valued  function  on  t"  satisfying 
(i)  TrUQ(x)  -  0  for  all  x  e  t". 

(ii)  There  exists  x«  e  t'^  and  i,  1  <  1  <  n  such  that 


U..  - 
0  0 


)  and 


supp  Jq  n  r^cxg)  -  ts  (Jq  -  — 5 — 1 

/  ^Oii*^!  ^  °  summation). 

’'i‘*o’ 


Then  the  solution  of  (2.10)  having  Uq  as  initial  data  brealcs  down  in  finite  time.  K 
precisely  the  symmetric  part  of  the  solution  D(t,x)  becomes  infinite  near  r^(Xg)  i 
finite  time. 


Let  us  introduce  first  some  notation.  We  denote  for  two  matrices  M,  N  by  (M»N) 


the  scalar  product 


(2.12) 


(M;N)  -  Tr  MN  . 


For  two  matrix  valued  functions  on  t"  we  denote  by  <M,ll>  the  scalar  product 


(2. 13) 


<M,N>  =  /  (M(x);N(x) )dx 


Let  us  first  remarit  that  the  operator  R  is  symmetric: 


(2.14) 


<RM,N>  =  <M,RN>  . 


Let  us  brea)t  (2.10)  into  its  symmetric  and  antisymmetric  parts: 


(2.15) 


3^S  +  +  R(TrU^)  =  0  , 


3^J  +  SJ  +  JS  -  0  . 


1  •,  d  ^  J  4  -  -  •  k  .  *  •  •  H  ^  M  .  -  d ,  •  •  1  • 


'v* 


W«  deduce  from  (2.16)  thet 


(2.17)  eupp  J(t.«)  C  eupp  Jg  . 

Indeed,  we  can  prove  (2.17)  by  noticing  tliet,  for  any  fixed  x  e  t" 

T  (J(t,x)iJ(t,x))  -  Tr(8j2  +  J8J)  -  2TrSJ*  <  2m(t,x) ( J(t,x) j J(t,x) ) 

2 

where  m(t,x)  is  the  maximum  of  the  obaolute  values  of  the  eigenvalues  of  S(t,x).  It 
follows  from  Gronwall's  inequality  that,  as  long  as  8(t,x)  is  smooth,  if  Jq(x)  •  0, 
J(t,x)  •  0.  Let  6  be  on  n  x  n  Mtrix  valued  smooth  function  satisfying  the  following 
conditions: 

(a)  supp  *  n  supp  Jg  - 

(b)  for  every  x  t  T*',  6(x)  is  a  syauaetric,  nonnegative  matrix,  l.e.  6(x)  •  'f(x)^  for 
some  symmetric  ¥(x). 

(c)  R*  -  0  . 

(d)  <Sg,*>  <  0. 

Let  xis  postpone  for  the  moment  the  construction  of  6  and  proceed  with  the  proof. 
Taking  the  scalar  product  of  (2.15)  with  6  we  obtain 

(2.18)  4r  <S,*>  +  <8^,*>  +  +  <R(TrO^),*>  -  0  . 

Ox. 

Now  <R(TrO^),*>  «•  <TrU^,R*>  “  0  because  of  assumption  (c)  and  of  the  symmetry  (2.14) 

2 

of  R.  Moreover,  combining  (2.17)  and  assumption  (a)  we  deduce  <J  ,♦>  «  0.  Thus  (2.18) 
becomes 

(2.19)  <S,4>  +  <S^,4>  -  0  . 

Now 


|<S,*>|  -  1/  Tr(S(x)*(x))dx|  <  /  |Tr(S(x)f{x)T(x))|dx  < 

T  T 

<  /  (Tr(S(x)»(x))(S(x)»(x))*)’/^(TrT(x)y(x))’''^dx  < 

t" 

<  (/  TrS(x)f(x)'l'(x)S(x)dx)’^^(/  Tr*(x)dx)’^^  - 


(/ 

-n 


Tr*(x)dx)’^^  . 


It  follows  from  (2.19)  that 


(2.20) 


^  f  Tr*(x)dx 


We  assumed  in  (d)  that  <Sq,4>  <  0  and  thus  we  Infer  that  <S(t,«),*>  must  become  -«• 


for  t  not  larger  them  T. 


/  Trt(x)dx 


We  eure  going  to  show  now  how  one  can  construct  t  satisfying  properties  (a)-(d). 
Let  us  tales  a  neigliborhood  V  of  Xq  such  that  for  y  e  V,  r^(y)  n  supp  Jg  •  Since 
'^Oii^**  *  ^Oii**^  assuB^tion  (ii)  iogilies  /  SQj^^(Xg^ , . . .  ,x, . . .  ,XQ^)dx  is 


negative.  We  may  assume  that 


ri(xg) 


/  ®0ii  ^  ®  y  e  V  . 

TiCy) 

Let  v(x)  •  4i(x)^  with  i|i(x)  a  smooth  function  defined  in  T*',  independent  of  the  i-th 

variable  (that  is,  constant  on  circles  rj^(z)  for  any  z  e  T**)  with  support  in 

K  ”  U  rj^(y)  and  Identically  1  on  a  set  «  U  rj(y)  for  some  Xg  e  GC  V.  We 
yeV  yev, 

define  4(x)  to  be  the  n  x  n  matrix  having  all  entries  equal  to  zero  with  the  exception 

of  the  entry  set  to  be  equal  to  ^(x).  Clearly  properties  (a),  (b)  and  (d)  are 

satisfied  from  construction.  Condition  (c)  is  satisfied  for  a  matrix  4  if  its  columns 

are  divergence  free.  In  the  constructed  matrix  the  only  nonzero  column  is  the  i-th  and 

3j^e(x)  -  0.  This  completes  the  proof  of  Theorem  2.1. 


3.  Solutions  with  apherlcal  aymmatry 

In  [4]  C.  Folas  showed  that  the  equation  (2.10)  In  the  whole  space  r"  admits 
solutions  of  the  form  U(t,x)  -  6(t,|x|)(i  -  ns(x))  where  I  is  the  identity  matrix 
and  ii(x)  is  the  projector  on  the  direction  x 

X  X 

(3.1)  ir(x)  •  (-j — j-~)  i,j  ”  1,...,n  . 

Moreover  he  obtained  a  simple  equation  for  the  scalar  quantity  B  which  blows  up.  We 
shall  generalize  slightly  this  result,  allowing  antisymmetric  parts  in  U(t,x).  The  main 
reason  behind  our  desire  to  have  nontrivial  antisymmetric  parts  in  U(t,x)  is  that  they 
correspond  to  the  vortlclty  in  the  case  of  genuine  Euler  equations. 

Let  A  be  a  rotation,  A  e  0(n).  We  denote  for  a  scalar  function  in  Vp,  f,  by 
the  composed 

(3.2)  f^(x)  -  f(Ax)  . 

For  a  matrix  valued  function  H  we  denote  by  Mj^  the  matrix  with  entries 
^^A^ij  “  *^ij*A'  ***  define  the  operations  and  on  n  x  n  matrix  valued 

functions  as 

(3.3)  T^M  -  a"’m^A  , 

(3.4)  -  (det  A)a"'’Mj^A  . 

Finally,  for  a  matrix  valued  function  U  we  define 

(3.5)  L^(U)  -  Tj^(S)  +  Tj^(J)  where  U  -  S  +  J  , 

S  “  Y  (U  +  U*),  J  “  -J  (U  -  U*).  Let  us  denote  by  N(0)  the  operator  giving  the  distorted 
Euler  equation  in  r"; 

(3.6)  N(U)  -  a^U  +  +  R(TrU^)  . 

Proposition  3.1. 

For  any  A  e  0(n),  N  is  covariant  with  respect  to  Lj^s 

(3.7)  L^(N(0))  -  N(L^U)  . 
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Corollary  3.2. 


If  the  initial  data  Ug  is  invariant  with  respect  to  A,  i.e.  if  ~  ^0 

the  solution  U(t,x)  is  invariant  with  respect  to  A, 


Lj^(0(t,*))  -  U(t,0 


Proof  of  Proposition  3.1. 


Let  us  take  the  symmetric  and  antisymmetric  parts  of  N(U) 


N(U)  >  N(U) 
2 


«  3^S  +  +  R(TrU^)  , 


(3.10) 


N(U)  -  M(U) 
2 


3^.J  +  SJ  +  JS 


Applying  T.  to  (3.10)  we  obtain 
A 


/■N(U)  -  N(U) 


■)  »  3^T^J  +  (T^S)(T^J)  +  (T^J)(T^S) 


M(L^U)  -  (N(L^O)) 


In  order  to  check  the  covariance  of  the  symmetric  part  of  N(U)  we  make  use  of  the 

well-known  covariance  with  respect  to  rotations  of  the  Riesz  transforms  ( [6] ) 


(3.11) 


for  any  scalar  function  f. 


T^(Rf)  -  R(f^) 


We  check  now  that  Tr(Lj^U)^  •  (TrU^)^^.  Indeed 


Tr(L^U)2  »  Tr((T^S  +  *  Tr((T^S)^  +  (X^J)^)  ■  Tr(Tj^(S^)  +  Tj^(j2))  - 

TrA"^(S^  +  *  Tr(S^  +  J^)f^  »  (TrO^)j^  . 

Applying  T,  to  (3.9)  we  obtain 


N(U)  +  N(0) 


/ruu)_r 
A^  2 


)  =  *  (T^S)2  +  R(Tr(Lj^0)^) 


N(L.U)  +  (N(L,0)) 
A  A 


This  proves  the  proposition.  Corollary  (3.2)  follows  from  uniqueness  of  solutions  of 
N(U)  «  0. 

Let  us  restrict  our  attention  for  a  moment  to  the  case  n  -  3.  Any  antisymmetric 
matrix  J  defines  uniquely  a  vector  ui  e  such  that  Jv  =  u  x  v  for  any  v  e  R^. 
Here  u  x  v  is  the  vector  (‘^2''3  ”  “3''2'  “3''l  ”  “I'^S'  “l''2  ”  “2^1^^  clearly  w  is 


determined  by  =  '^32'  “2  ”  '^13'  “3  “  '^21'  matrix  can  be  computed  in  terms  of 


th«  v«ctor  (III 


(3.12) 


j2  -  -|w|2(i  -  Kj 


whwre 


(  ) 


W«  not*  h*r«  th«t  If  J(x)  1*  th*  sntiayaMtrlo  part  of  tha  Jacobian  of  a  function 


u(x)  i.a.  J(x)  ■  -  i^Uj),  i.j  ■  1<2,3  than  u(x)  ■  ^  (V  x  u)(x).  If  J(t,x) 


aatisfiaa  th*  antiaynmatric  part  of  (2.10)  i.a.  if 


(3.13) 


a^J  4-  8J  J8  -  0 


than  forming  tha  guantitiaa  <ii(t,x)  corraaponding  to  J(t,x)  w*  obtain  from  (3.13)  tha 


aquation 


(3.14) 


a^iit  ■  su  . 


Thia  ia  tha  analogue  of  the  vorticity  aquation  in  th*  case  of  Kular  aquations. 


Summarlclng.  th*  aquation  (2.10)  la  equivalent  in  th*  thraa-dimanslonal  case  to 


(3.15) 


3^S  +  ♦  R<Tr8^  +  TrJ^)  -  0 


coupled  with  (3s 14)  tdiere  ie  given  by  (3.12)*  We  can  consider  the  eyeten  (3.14)^ 


(3a IS)  with  defined  by  (3*12)  in  any  number  of  dimenaiones  S  will  be  a  n  x  n 


symmetric  matrix  and  u  an  n  vector. 


Proposition  3.2 


Assume  that  the  initial  data  for  the  system 


(3.16) 


3^(1)  “  8(1)  , 


(3.17) 


3^S  +  +  R(Tr(S^  J^))  -  0 


lU.  U)  . 

j2  .  -|(ii|2(I  -  K|_|),  ir^  -  ( - i,j  -  1,...,n  ar*  of  the  form 


(3.18) 


(3.19) 


{tfQ(x)  -  ifQ(lxl)*  ,  X  E  , 

Sg(x)  -  8g(|x|)(I  -  nv(x)).  w(x)  given  in  (3.1). 


Then  for  as  long  as  tha  solution  S(t,x),  (D(t.x)  stays  smooth,  it  has  the  form 


(3.20) 


(i)(t,x)  -  Y(t,|x|)  -r^  . 


'  • 


Thus  3£jf(r)  ■  A(g(r)<^j  +  h(r)X|^Xj)  if  the  system 

f  (r) 

(3.29)  Ag  +  2h  -  , 

(3.30)  r(Ah  +  ■^~)  “  ( ^  ^  )  is  solved  . 

Now  (3.30)  follows  from  (3.29)  if 

(Ag)'  +  2h'  -  r(Ah  +  i.e.  if  (Ag)'  -  (rh')'  +  nh*  . 

This  follows  if  Ag  “  (rh)'  ^  (rh).  So  (3.30)  is  a  consequence  of  (3.29)  if 

g'  •  rh.  With  this  choice  for  g  we  solve  (3.29); 

(rh) '  +  -  ~  I  rh  +  2h  -  —  . 
r  r 

This  gives  (r")c)'  -  r^f  for  )c  -  r^.  We  obtain  the  formula  (3.28)  for  )t: 

r 

(3.31)  )c(r)  -  f(r)  - f  s""’f(8)ds  . 

r  0 

Then  g'  I"  order  to  chec)t  (3.27)  let  us  note  that 

(ng  +  k  -  f)«  )c  +  k'  -  f  -  0  . 

Thus,  since  all  these  functions  vanish  at  infinity  we  obtain 

(3.32)  f  -  ng  +  k  . 

Therefore  (3.31)  and  (3.32)  imply  (3.27).  We  note  that  (3.32)  follows  also  from  the 
familiar  (aee  [6])  by  taking  the  trace  in  (3.26). 

Proof  of  Proposition  3.2 

We  shall  use  the  ansatz  ui(t,x)  “  Y(t,jx|)  "j^'  S(t,x)  «•  B(t,|x|)(I  -  mix))  and 
check  that  equations  (3.16),  (3.17)  give  consistent  equations  for  B,  Y.  Equation  (3.16) 
becomes  3,.y  -  (1  -  n)BY  i.e.  (3.23).  Now  8^  “  B^(I  -  mi)^  -  B^(I  +  (n^  -  2n)Tr) 
because  ir^  »  ir.  Also  •  ”Y^(I  ~  x).  Indeed  x,,  -  x(x)  because  x  and  u  define 

(J 

the  same  direction.  In  order  to  proceed  we  put  f(r)  "  Tr(S^  +  J^)  and  compute 

(3.33)  Tr(S^  +  J^)  -  f(r)  -  (n  -  1)[nB^  -  Y^l  . 


According  to  Lemma  3.3  it  follows  that 


A8  proven  in  Proposition  (3.2)  the  solutions  are  <i)(t,x)  -  Y(t,|xl) 

S(t,x)  -  B(t,|x|)(I  -  mr)  with  satisfying  (3.22)-(3.25).  Since  (3.23)  can  be 


integrated 


(3.41) 


Y(t,r)  -  YQ(r)exp  f  (1  -  n)8(B>r)d« 

b 


it  follow,  from  (3.38)  that 


(3.42) 


Y(t,r)  “  0  for  0  <  r  <  R.  . 


Therefore,  for  0  <  r  <  R..  equation  (3.22)  becoaes 


(3.43) 


3,^6  +  8^  -  2-^  /  •““’n8^(B>d«  -  0 

r“  0 


Now  we  claim  that  from  (3.43)  it  follows  that  property  (3.39)  la  preserved  by  8(t,r), 
t  >  0,  as  long  as  both  8  and  y  are  smooth.  Indeed  multiplying  (3.43)  by  8(t,r)r" 

and  integrating  between  0  and  R  one  obtains 

•1 /  8^(t,r)r""’dr  +  /  8^(t,r)r’‘"’dr  -  (n  -  1)n  /  6^(t,p)p""’  /  dr  or 


•1  |-  /  8^(t,r)r'*"''dr  -  /  8^(t,r)r“"’ [n(n  -  1)  f 


8(t,p) 


dp  -  8(t,r]dr  . 


R  R  .  ^ 

82{t,r)r""’dr  <  2  Max  (n(n  -  1)  /  d.  -  8(t,p) )  /  8^(t,r)r""’dr 

0  P«(0,Rl 


and  therefore,  as  long  as  8  is  smooth 


/  8^(t,r)r"”’dr  <  /  8?(r)r""’dr  exp  2  /  Max  (n(n  -  1)  / 
0  0  0  pe[0,R]  P 


ds  -  8(T,p))dT 


and  by  (3*39)  it  follows 


(3.44) 


/  6^(t,r)r”"’dr  -  0,  t  >  0 

0 


Let  us  take  now  a  >  1  such  that  (3.40)  Is  valid  and  a  small  enough  such  that 
OR  <  R^,  n(n  -  Dlog  a  <  1.  Integrating  in  (3.43)  between  R  and  aR  we  obtain 


(3.45) 


^  /  e(t,r)r"“’dr  +  (1  -  n(n  -  Dlog  a)  /  e^(t,8)s"“''ds  < 


<  n(n  -  Dlog  a  /  6^(t,s)s"“^ds  “  0  . 

0 


aR  _  _ ,  -OR 

/  B  (t,8)8"  da  >  - (/  B(t,s)8"“’d8)^  . 

1.  -.n  n  ^  L 

R  R  a  -  )  R 


It  follows  that 


(3.46) 


and  since 


I-  r  B(t,r)r"-’dr  t  -  n(n  -  Dloy  a)  ,  j-*®  ^ 

R  R"(a*'  -  D  R 


/  Bo(r)r""'’dr  <  0 


conclude  that  /  B(t,r)r"~^dr  becomes  -«•  for  t  not  larger  than 


^n ,  n  - .  - 

R  (a  -  D  1 

■  ■■  ■■  ■  ■  ■■  •  ■  ^  ■  ■  ■ 

n(1  -  n(n  -  Dlog  a)  aR  , 

1/  B„(r)r"-V| 
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